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Ideals of varieties parameterized by certain symmetric tensors 

Alessandra Bernardi 



^ '. ABSTRACT. The ideal of a Segre variety P"i x ■ • • x P"* ^ p{ni+i) ■.{nt+i)-i generated by the 2-minors 

\^ ' of a generic hypermatrix of indeterminates (see [Hal] and [Gr] ) . We extend this result to the case of Segre- 

Veronese varieties. The main tool is the concept of "weak generic hypermatrix" which allows us to treat 
also the case of projection of Veronese surfaces from a set of general points and of Veronese varieties from a 
Cohen-Macaulay subvariety of codimension 2. 



1 Introduction 



' In this paper we study the generators of the ideal of Segre- Veronese varieties and the ideal of projections of 
, Veronese surfaces from a set of general points and, more generally, of Veronese varieties from a Cohen-Macaulay 
subvariety of codimension 2. 

A Segre variety parameterizes completely decomposable tensors (Definition [2T]). 

The problem of tensor decomposition has been studied studied for many years and by researchers in many 
scientific areas as Algebraic Geometry (see for example [CGGlj . |LM| . |LW] . [AOP] , [Za| ). Algebraic Statistic 
■ (see [im] . [GSS] . [PS] ). Phylogenetic ( [AR) . [Bo] . [Lak] . [S5]l. Telecommunications ([Com]), Complexity 
T:t '• Theory ( [BCS) . [Lan) . [E], [St]), Quantum Computing ([BZ]), Psychomctrics ( |CKPj ). Chemometrics ([Br]). 
0^ ' In [Hal] (Theorem 1.5) it is proved that the ideal of a Segre variety is generated by all the 2-minors of a 

generic hypermatrix of indeterminates. 
lO ' Here we prove an analogous statement for Segre- Veronese varieties (see [CGG2j ). Segre- Veronese vari- 

, eties parameterize certain symmetric decomposable tensors, and are the embedding of P"i x • • • x P"' into 

I P '=^^ ''i ' given by the sections of the sheaf 0{di, . . . ,dt) with di, . . . ,dt G N (see Section [31). We prove 
(in Theorem 13. lip that their ideal is generated by the 2-minors of a generic symmetric hypermatrix (Definition 

[SU). 

' The idea we use is the following; generalizing ideas in [Halj we define "weak generic hypermatrices" (see 

^ I Definition 13. 8p and we prove that the ideal generated by 2-minors of a weak generic hypermatrix is a prime ideal 
(Proposition 13 . 10]) . Then we show that a symmetric hypermatrix of indeterminates is weak generic and we can 
conclude, since the ideal generated by its 2-minors defines, set-theoretically, a Segre- Veronese variety. 

An analogous idea is used in Sections [4] and [5] in order to find the generators of projections of Veronese 
varieties from a subvariety of codimension 2. This is a problem which has been studied classically in Algebraic 
Geometry (starting with the projection of Veronese surface, see [Shj ): for a quite general analysis of subalgebras 
of the Rees Algebra associated to embeddings of blow ups of P" along subvarieties, see [CHTVj and [MUj . 

Denote with Yn.d the Veronese variety obtained as the d-uple embedding of P" into P\ and consider the 

surface V C ^ ' which is the projection of d from s general points on it. The defining ideal of Y has 
been studied in [Hal] when s is a binomial and s < (^) and in [GL] and [Ha2] for s > (^) (in the second paper 
also the case of any set of s points is treated, when d > max{4, s + 1}). Here we complete the picture for s < (^) 
general points on Y2.d', our method follows the framework of [GGj and [GLj . but uses the "hypermatrix" point of 
view of [Hal] . We construct a hypermatrix in such a way that its 2-minors together with some linear equations 
generate an ideal / that defines Y set-theoretically; then we prove that such hypermatrix is weak generic and in 
Theorem 14.71 we prove that / is actually the ideal of the projected surface. 

This construction can be generalized to projections of Veronese varieties Yn^d, for all n, d > 0, from a sub- 
variety of codimension 2 and of degree s = (*^^) -I- fc < (2) for some non negative integers k, d such that 
< t < d ~ 1 and < k <t (see Section [5]). 
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2 Preliminaries 

Let K = K he &w algebraically closed field of characteristic zero, and let Vi, . . . ,Vt be vector spaces over K of 
dimensions ni, . . . ,nt respectively. We will call en element T G Vi ® ■ ■ ■ (E) Vt a tensor of size ni x ■ ■ ■ x nt. 

Let Ej — {cj I, . . . , Cjj^. } be a basis for the vector space Vj, j — 1 , . . . , t . We define a basis £' for Vi ® • ■ • (g) 14 
as follows: 

E ■■= K,....,;. = e^^^, ® ■ ■ ■ ^ e^^^, | 1 < < n,, Vj ^l,...,t}. (1) 
A tensor T G Vi i8> • • • Vt can be represented via a so called "hypermatrix" (or "array" ) 

"4 = {aii^...,it)i<ij<nj ,j=i,...,t 
with respect to the basis E defined in ([T]), i.e.: 

~ ^ ^ii,---,HS.ii,...,it- 

l<ij <7Lj , j—l,...,t 

Definition 2.1. A tensor T G Vi • ■ • (g) Vt is called "decomposable" if, for all j = I, . . . , t, there exist G Vj 
such that T ~ Vi 1^ ■ ■ ■ (El Vf. 

Definition 2.2. Let Ej — {e^ i, . . . , } be a basis for the vector space Vj for j — l,...,t. Let also Vj = 
Sr=i i ^ ^ f'^'"' j — ■ ■ T^- image of the following embedding 

P(Fi) X ■•• xP(Vt) ¥{Vi®---®Vt) 
(fei] , •■■ , fet]) ^ [v^®■■■®v^] = 

— X]l<ij<nj, j = l^...,t[("l,n ■ ■ ■ '^t.it)^ii,...,it\ 

is well defined and it is known as "Segre Variety". We denote it by Seg{Vi (8> • • • ® Vt). 

Remark: A Segre variety Seg{Vi ® ■ ■ ■ ® Vt) parameterizes the decomposable tensors oi Vi (® ■ ■ ■ (S> Vf. 

A set of equations defining Seg{Vi (® ■ ■ ■ ®) Vt) is well known (one of the first reference for a set-theoretical 
description of the equations of Segre varieties is |Gr| ). Before introducing that result we need the notion of 
d-minor of a hypermatrix. 

Notation: 

• The hypermatrix A = (a;ij....^iji<i^.<„^ . is said to be a generic hypermatrix of indeterminates (or 
more simply generic hypeTTJiatrix^ of 5* '. — K[x,i-^^^ it]K.ij<.nj 

..^f, if the entries of .A are the independent 

variables of S. 

• We denote by St the homogeneous degree t part of the polynomial ring S. 

• We will always suppose that we have fixed a basis Ei for each Vi and the basis £' for Vi • • • Vt as in ([T]) . 
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• When we will write "A is the hypermatrix associated to the tensor T" (or vice versa) we will always assume 
that the association is via the fixed basis E. Moreover if the size oi T is ni x ■■■ x rit, then A is of the 
same size. 

It is possible to extend the notion of "d-minor of a matrix" to that of "d-minor of a hypermatrix" . 

Definition 2.3. Let Vi,...,Vt be vector spaces of dimensions ni,...,n(, respectively, and let (^1,0/2) be a 
partition of the set If Ji = {hi,...,hs} and J2 — {!,..., i}\Ji = {k\, . . . ,kt-s\ , the (Ji,J2)- 

Flattening of Vi® ■ ■ ■ ®Vt is the following: 

V.H ® Vj^ = (14i • • • ® T4J ® (Ffe, (g) ■ • • ® J. 

Definition 2.4. LetVj^®Vj^ be any flattening of Vi®- ■ -^Vt and let fj^j^ : P(Vi • ■ • (g) Vt) ^ P(Vji (g) V>J be 
the obvious isomorphism. Let A be a hypermatrix associated to a tensor T G Vi g) • ■ -(8)14; let [T'] = fji,j2i[T]) G 
IP'(K/i '8' K72) ^'^^ Aj-^j^ be the matrix associated to T' . Then the d-minors of the matrix Aj-^^j^ are said to 
be "d-minors of A". 

Sometimes we will improperly write "a d-minor of a tensor T" , meaning that it is a d-minor of the hyperma- 
trix associated to such a tensor via the fixed basis E oi Vi ® ■ ■ ■ (S> Vt- 

Example: d-minors of a decomposable tensor. 

Let Vi, . . . , Vf and (Ji, J2) = {{hi, . . . , hg}, {fci, . . . , kt-s}) as before. Consider the following composition of 
maps: 

¥{Vi) X ... X F{Vt) ¥{Vj,) X FiVj,) A FiVj, ® Vj,) 

where Im{si x S2) = Seg{V,j-^) x SeglVj^) and Im{s) is the Segre variety of two factors. 

Consider the basis (made as E above) Ej-^ for Vj^ and Ej^ for Vj^ ■ In terms of coordinates, the composition 
s o (si X S2) is described as follows. 

Let Uj = {oi^i, . . . , ai^m) € Vi for each i = 1, . . . ,t and T — v^^ ®) ■ ■ ■ ®) £ Vi ®) ■ ■ ■ ®) Vt] then: 

si X S2([(ai,i> . . . ,ai,„J], . . . , [(atj, . . . ,at,„J]) = ([(?/i,...,i, . . ., y„^^ ,...,„;. J], [{zi.^...,i, ■ ■ . , ^n,, J]) 

where yi^,...,!^ = cLh^M ■ ■ ■ ah,,i,, for = 1, . . . ,nm and m = 1, . . . , s; 

and zi^^,,,^i^_^ = aki,ii ■ ■ ■ akt_,,it_, for = 1, . . . , and to = 1, . . . , i - s. 

If we rename the variables in Vj-, and in Vj^ as: {yi^...,i, . . . , yn^^, J = (j/i, . . . , j/atJ, with Ni ^ Uh-, ■ ■ ■ nu,, 
and (2:1,. ..,1, . . . ,2;nfcj,...,nfc^_ J = {zi, . . . , ZN2), with A^2 = ?ifci • then: 

. . . -ywi)], [(^1, . . . ,2^2)]) = 791,2, ... ,9^1,^2)] =so(si X S2)([T]), 

where qij — yiZj for i = 1, . . . , Ni and j — I, . . . , N2- We can easily rearrange coordinates and write s o (s^ x 
S2){[T]) as a matrix: 

/ 914 • ■ • 91,^2 \ 
((.1 xs2)os)([T])= : : . (2) 

\ QNiA ■ ■ ■ qNi,N2 / 

A d-minor of the matrix s o (si x S2)([r]) defined in Q is called a d- minor of the tensor T. 
Example: The 2-minors of a hypermatrix A — (aii,...,it)i<ij<nj. j=i,...,t are all of the form: 

for 1 < ij,lj < Uj, j — 1, . . . ,t and 1 < m < i. 

Definition 2.5. Let A be a hypermatrix whose entries are in K[ui, . . . , Ur]- The ideal Id{A) is the ideal generated 
by all d-minors of A. 
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Example: The ideal of the 2-niinors of a generic hypermatrix A — {xii,...,it)i<ij<nj,j=i,...,t is 



It is a classical result (see |Gr] ) that a set of equations for a Segre Variety is given by all the 2-minors of a 
generic hypermatrix. In fact, as previously obseved, a Segre variety parameterizes decomposable tensors, i.e. all 
the "rank one" tensors. 

In [Hal| (Theorem 1.5) it is proved that, if ^ is a generic hypermatrix of a polynomial ring S of size 
ni X • • • X rit, then h^A) is a prime ideal in S, therefore: 

I{Seg{Vi ^■■■<»Vt))^ hiA) C S. 

Now we generalize this result to another class of decomposable tensors: those defining "Segre- Veronese 
varieties" . 

3 Segre- Veronese varieties 
3.1 Definitions and Remarks 

Before defining a Segre- Veronese variety we recall that a Veronese variety is the d-uple embedding of P" 
into p( )^^, via the linear system associated to the sheaf 0{d), with d > 0. 

Definition 3.1. A hypermatrix A = (aii....,id)i<ij<n, j=i,...,d is said to be "super symmetric" if ai-^^,,,^ij = 
ai^(i),...,i„(d) for all a G 6^ where 6d is the permutation group o/ {1, . . . , d}. 

With an abuse of notation we will say that a tensor T e V^"^ is supersymmetric if it can be represented by 
a supersymmetric hypermatrix. 

Definition 3.2. Let H C V'^'^ be the ("'^^~^^ -dimensional subspace of the supersymmetric tensors of V®'^ , i.e. 

H is isomorphic to the symmetric algebra Symd(V). Let S be a ring of coordinates on p( = ¥{H) 

obtained as the quotient S — S/L where S = K[xi-^^,,,^ij]i<i-<n,j=i,...,d o,nd L is the ideal generated by all 

Xi-i....,ij — 2:j„(i) (d) 7 ^ £ ®d- 

The hypermatrix (xi-^^,,,j^)i<ij<n, j=i d whose entries are the indeterminates of S, is said to be a "generic 

supersymmetric hypermatrix" . 

Remark: The Veronese variety Y^-ia C p("^^"')"^ can be viewed as Seg{V'^'') H F{H) C P(J7). 

Let A = {xi-^^,,,^i^)i<ij<n, j=i,...,d be a generic supersymmetric hypermatrix, then it is a known result that: 

/(r„_i,d) = /2(^) c ^. (3) 

See [Waj for set theoretical point of view. In [Puj the author proved that L{Yn-i^d) is generated by the 2-minors 
of a particular catalecticant matrix (for a definition of "Catalecticant matrices" see e.g. either [Puj or 'Ge]). A. 
Parolin, in his PhD thesis ( [Paj ) . proved that the ideal generated by the 2-minors of that catalecticant matrix 
is actually L2{A), where ^ is a generic supersymmetric hypermatrix. 

In this way we have recalled two very related facts: 

• if is a generic ni x ■ ■ ■ x nt hypermatrix, then the ideal of the 2-minors of A is the ideal of the Segre 
variety Seg{Vi (g) • • • (X" Vt); 

• if is a generic supersymmetric n x ■ ■ ■ x n hypermatrix, then the ideal of the 2-minors of A is the ideal 

d 

of the Veronese variety Yn^i^d, with dim(y) = n. 



4 



Now we want to prove that a similar result holds also for other kinds of hypermatrices strictly related with 
those representing tensors parameterized by Segre varieties and Veronese varieties. 

Definition 3.3. Let Vi, . . . ,Vt be vector spaces of dimensions rii, . . . ,nt respectively. The Segre- Veronese variety 
Sd^,...,dt{Vl ®---®Vt) is the embedding of P{Vi) (g) ■ ■ ■ (g) P{Vt) into P^"i, where N = (n*^i ("•+^'';"^] 
by sections of the sheaf 0{di, . . . , dt). 

I.e. Sdi,....dt{Vi ■ ■ ■ (8) Vt) is the image of the composition of the following two maps: 



given 



-1 



X • • • X 



where Im{vi x ■ ■ ■ x Vt) — ^rii-i,di x ■ • • x K„j_i^dt o,nd Im{s) is the Segre variety with t factors. 
Example: If (di, . . . ,dt) ^ {1, . . . ,1) then Si,...s{Vi (g) • • • 14) = 565(^1 ® • • • ® T^)- 

Example: If t = 1 and dim(T^) = n, then Sd{V) is the Veronese variety Yn-i^d- 

Below we describe how to associate to each element of Sdi,...,dt{Vi • ■ ■ ^ Vt) a decomposable tensor T e 
V^'^' (^■■■(x)Vf"^'. 

Definition 3.4. Letn — (ni, . . . ,nt) and d — (di, . . . ,dt). IfVi are vector spaces of dimension Ui for i = 1, . . . , t, 

an "{n,d)-tensor" is defined to be a tensor T belonging to V^"^^ ® • ■ • ® vf"^^ . 

Definition 3.5. Letn and d as above. A hypermatrix A ^ (aii,i,...,ii_<j^;...;it,i,...,it,dji<ij,fc<n3,fc=i,...,dj,j=i,...,t is 
said to be "{n,d)- symmetric" if a^, ,^...^^, ^^■...■^^ ,,...^^^ ^^ = avi(i,i),...:Vi(i,di);...;Vt(t,i),. Permutations 
(7j e S(j, dj) where dj) ~ 6dj is the permutation group on {(j, 1), . . . , (j, dj)} for all j — I, ... , t. 

An (n, d)-tensor T e y®'^^ (g) • • • (g) V^"^* is said to be an "(n, ci)-symmetric tensor" if it can be represented by 
an (n, d)-symmetric hypermatrix. 

Definition 3.6. Let Hi C Vf"^'' be the subspace of supersymmetric tensors of V^'^^ for each i = 1, . . . ,t, then 
Hi (g ■ ■ ■ (S) Ht C V^'^^ • ■ • (g) is the subspace of the {n,d)- symmetric tensors of V^'^^ (g ■ • ■ g) Vf"''' . Let 

n = (ni, . . . , nt) and d = {di, . . . , dt) and let R[n.d] be the ring of coordinates on p-'^^i = F(^Hi g) ■ • ■ g) Ht), with 

N = {^l=i(""^^'~^)^ , obtained from S = i^[a;ji i,...,ij^Ji<i^ ,_,<„j,fc=i,...,dj,j=i,...,t via the quotient 

modulo a;,i - , for all e &{j,dj) and j = 1,. ..,t. 

The hypermatrix {xi^^^ »i,di;...;»t.i,...,»t.dt)i<»i,*<n^,fe=i,...,<li,j=i,...,t of indeterminates of Rin,d], said to be a 

"generic [n, d)- symmetric hypermatrix". 

Remark: It is not difficult to check that, as sets: 

P(iJi ®---(g,Ht)n SegiVi^''' ® • • • ® 1^®''') = Sd,,...MVi (g • • • ® v*); (4) 

i.e. Sdi....,dtiVi g" • • • g) Vt) parameterizes the (n, d)-symmetric decomposable (n, d)-tensors of V-^'^^ g) • • • g) V^'^* . 
Since Segre variety is given by the vanishing of 2-minors of a hypermatrix of indeterminates and Hi g) • • • g) iJ^ 
is a linear subspace of Vi (g • • • g) , it follows that a Segre- Veronese variety is set-theoretically given by the 
2-minors of an (n, c?)-symmetric hypermatrix of indeterminates . 

In Section 13.31 we will prove that the ideal of the 2-minors of the generic (n, d)-symmetric hypermatrix in 
R\n^d\ is the ideal of a Segre- Veronese variety. We will need the notion of "weak generic hypermatrices" that we 
are going to introduce. 
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3.2 Weak Generic Hypermatrices 

The aim of this section is Proposition 13 . 1 01 which asserts that the ideal generated by 2-minors of a weak generic 
hypermatrix (Definition [BTH]) is prime. 

Definition 3.7. A k-th section of a hypermatrix A — {xi-^^,,,^i^)i<i^<nj.j=i....,t is a hypermatrix of the form 

A^''^ — (r- ■ ) 

Remark: If a hypermatrix A represents a tensor T e Vi (8) • ■ • (8) V( , then a fc-th section of ^ is a hypermatrix 
representing a tensor T' e l/i (g) • ■ • g) T4 ® ■ ■ ■ €5 14. 

We introduce now the notion of "weak generic hypermatrices" ; this is a generahzation of "weak generic box" 
in [Hal] . 

Definition 3.8. Let K[ui, . ..,Ur] be a ring of polynomials. A hypermatrix A = {fi-i.....it)i<ij<nj.,j=i,...,t, where 
o-ll fii,...,it K[ui, . . . , Ur]i, is Called a "weak generic hypermatrix of indeterminates" (or briefly "weak generic 
hypermatrix") if: 

1. all the entries of A belong to {ui, . . . 

2. there exists an entry fij^^...^it such that fii^...^it ^ fki,...,kt for o,ll (fci, . . . ,kt) ^ (ii, . . . , it), 1 < kj < Uj, j = 
I,...,t; 

3. the ideals of 2-minors of all sections of A are prime ideals. 

Lemma 3.9. Let L , J C R = K[ui, . . . ,Ur] be ideals such that J = (/, ui, . . . ,Uq) with q < r. Let f £ R be a 
polynomial independent of Ui, . . . ,Uq and such that L : f = I . Then J : f — J . 

Proof. We need to prove that if g g i? is such that fg E J, then g E J. 

Any polynomial g £ R can be written as g = gi + g2 where gi G (ui, . . . ,Uq) and 172 is independent of 

ui, . . . ,Uq. Clearly gi G J. Now fg2 = fg — fgi G J and fg2 is independent of ui, . . . ,Uq. This implies that 

fg2 G /, then 52 G / C J because / : / = / by hypothesis. Therefore g — gi + g2 ^ J- □ 

Now we can state the main proposition of this section. The proof that we are going to exhibit follows the 
ideas the proof of Theorem 1.5 in |Halj . where the author proves that the ideal generated by 2-minors of a 
generic hypermatrix of indeterminates is prime. In the same proposition (Proposition 1.12) it is proved that also 
the ideal generated by 2-minors of a "weak generic box" is prime. We give here an independent proof for weak 
generic hypermatrix, since it is a more general result; moreover we do not follow exactly the same lines as in 

[Hii]. 

Proposition 3.10. Let R = K[ui, . . . ,Ur] be a ring of polynomials and let A = {fi-^ it)i<ij<nj,j=i,...,t be a 

weak generic hypermatrix as defined in \3.8[ Then the ideal L2{A) is a prime ideal in R. 

Proof. Since A — {fi-i,....it)i<ij<nj , j=i....,t is a weak generic hypermatrix, there exists an entry fi^,...^i^ that 
verifies the item[21 in Definition 13.81 It is not restrictive to assume that such fi-^....^it is 

Let F,G e R s.t. FG G /2(^). We want to prove that either F G L2{A) or G G 'l2{A). Let Z = | k > 

0} C R and let Rz be the localization of R at Z. Let also (p : R ^ Rz such that 

(p{K) = K and ip{u.i) = Ui for G {ui, . . . , J 1 < ij < n^, j = l,...,t}. Clearly Lp{m) = 

for all 2-minors m of A. Hence tf{l2{A)) — 0. Since F{. . . , fj-^^,,,,j_^, . . .)G{. . . , fj-^,,,,j^, . . .) G hiA) then 
F(. . . , v{fji....,jt), ■ . ■)'G{. . . , v{fji,...,ji), ■ ■ ■) — Oflz- The localization Rz is a domain because i? is a domain, thus 

either F(. . . , (^(/,,,...,,J, . . .) = 0^,^, orG(. . .,</.(/,,,...,,,), . . .) = 0^^. Suppose that F f. . . , f^^-'--^;:l' ^-^^ , . 



Qrz- We have 

ft-i 
Ji,...,i 
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where H belongs to the ideal {fji,...,]Jl„\i - .fji.i....i ■ ■ ■ fi,....i,n)i<3k<nj,k=i,...,t C Rz- 
Now let = /,„...,,Jt.' 1 - fn,i-,i ' ' ' h,...XH- Then 

Ht^l = /ll,i2,...Jt/jl,l,---,l/jl^.^.,it + (/l,...,l/jl:---,it - /lj2:...,it/jl,l...,l)/,*i~.^.,jt- 
~/l J2,--- ,it/jl,l j3,---,it ' ' ■ /jl,... Jt-1,1 =/2(^) 
/lj2,---Jt/jl,l:---,l/l,...,l ~ /l j2:---,it/jl,l,i3,--- Jt ' ' ' fjl,...,jt-lA = Ht-2- 

Proceeding analogously for Ht-2, ■ ■ ■ ,Hi, it is easy to verify that Ht-i £ /2(-4)- Hence belongs to the ideal 
of Rz generated by l2{A). This fact, together with ([5]), implies that also F belongs to the ideal of Rz generated 
by hi-A). Therefore we obtained that if (p{F) = O/j^i then there exists > such that 

fi,...,iFi---Jn....j.,---)^l2{A)cR. (6) 

Now we want to prove that if there exists ly > such that fi iF{. . . , fj;^^....j^, . . .) G hiA), then F G hiA). 
Analogously as it is done in the proof of Lemma 1.4 in [Hal| . we will use a triple induction: first on the dimension 
t of the hypermatrix A, then on '^j' ^^'^ finally on deg(i<"). 

Induction on t. For t = 2 our goal is proved in Lemma 3 of [Shj . Assume that t > 2 and that the induction 
hypothesis holds for any weak generic hypermatix of size lower than t. 

Induction on '^j- "-j = 1 ^o^' least one j G {1, . . . , i}, then ^ is a hypermatrix of order [t — 1), so 

the result is true for the induction hypothesis on t. Assume that nj > 2 for all j = 1,. . . ,t and that the 
induction hypothesis holds for smaller values of 

Induction on deg(F). If dcg(F) = 0, since ip{F) Or^, we have F ^ G l2{A). Then let deg(i^) > and 
assume that the induction hypothesis holds for polynomials of degree lower than deg(i^). 

In [Hall . Corollary 1.1.1, it is proved that {I2{A), /ni,...,nt) = ^l=ili where Ai is the hypermatrix {fii,...,ijii<nn 
and /; := [hiAi], {f^,,...,^, I ii = ni }) . C learly h^A) C (hiA), fn,,...,nj- By ®, we have that ll,„^iF G 
l2{A). Hence, by Corollary 1.1.1 in [Hal| . ^F G /; for all / = 1, . . . ,i. We can apply here the induction 

hypotheses on t and on X]*=i"'jj hence hiAi) : /{'....^i = hiAi). Now, by Lemma \SM h : /{'.....i — Ii, i.e. 
F G (^l^ih ~ (hiA), /ni,....nj- Hence we can write F ^ Fi + F2 where Fi G hiA) and F2 G (/ni,...,nt), that is 
to say F = Fi+ fn,,....nX with deg(A) < deg(^^). Obviously /r,...,i/„i....,«,F2 = fl...sF " fL- i^i ^ h{A). 
Let's notice that we checked that, since if{fni,...,nt) ^ O/j^, for any form K for which fni,...,ntK G hiA) there 
exists fi> such that G hiA); if we apply this to ilT = /f ;^F2, we get that fi^,'^^iF2 G hiA) for some 

/i > 0. Now we deduce that there exists /i > s. t. fi^^iF2 G hiA). Now, by induction hypothesis on the 
degree of F, we have that F2 G hiA). Therefore F G /2(^). □ 

3.3 Ideals of Segre -Veronese varieties 

Since a Segre- Veronese variety is given set-theoretically by the 2-minors of an (n, (i)-symmetric hypermatrix of 
indeterminates (see ([4])), if we prove that any (n, d)-symmetric hypermatrix of indetcrminates is weak generic, 
we will have, as a consequence of Proposition 13.101 that its 2-minors are a set of generators for the ideals of 
Segre- Veronese varieties. 

Remark: If ^ = (aii....,i^)i<ij<n;j=i,...,d is a supersimmetric hypermatrix of size n x ■ • • x n, then also a 

d 

fc-th section A^l^ of .4 is a supersymmetric hypermatrix of size n x ■ • • x n. 

In fact, since A is supersymmetric, then ai-^^,,,^i^ = ai^^^^^...^i^^^^ for all a G 6d. The section a[''^ is obtained 

from A by imposing ik = /. Therefore Af^ = (a.ii,...,i^=i,...i^) is such that a^^^...,i^=i,...ia = aj^(i),...,i„(j^)=i,...,v(^) , 
for all a G &d such that cr(fc) = I, hence such ct's can be viewed as elements of the permutation group of the set 



7 



{1, ... ,1 — 1,1 + 1, ... ,d} that is precisely &d-i- 

Remark: If [T] G l^n-i,d, then a hypermatrix obtained as a section of the hypermatrix representing T, can be 
associated to a tensor T' such that [T'] e Yn-i^d-i- 

Theorem 3.11. Let n — (ni, . . . , nt) and d — (c?i, . . . , dt). Let Hi C T/^®'^' be the subspace of supersymmetric 
tensors ofVf^'^' for i ^ 1, . . . ,t and let R^,^ be the ring of coordinates off {Hi®- ■ -^Ht) C P(V"f''^ 0- • •(g)^^®''') 
defined in Definition \ 3.6l If A is a generic {n,d)- symmetric hypermatrix of R^ d]; then A is a weak generic 
hypermatrix and the ideal of the Segre- Veronese variety Sdi,...,dtiVi ® ■ ■ ■ ® Vt) is 

I{Sdu...,dAVl (^■■■®Vt))= hiA) C R[n,d] 

with di > for i ~ 1, . . . ,t. 

Proof. The proof is by induction on ^i- 

The case J^l^i^-i = 1 is not very significant because if dim(Vi) = ni, so Si{Vi) — y„^_i,i = P(Vi), then 
J(<Si(Vi)) = I(F{V)) i.e. the zero ideal (in fact the 2-minors of A do not exist). 

If ^'^-^ di — 2 the two possible cases for the Segre- Veronese varieties are either S2(Vi) or V2). Clearly, 

if dim(Vi) = rti, then 52(^1) = Yni-1.2 is Veronese variety and the theorem holds because of ([3]). Analogously 
5i.i(Vi, V2) = Seg{Vi (S> V2) and again the theorem is known to be true ([Hal]). 

Assume that the theorem holds for every (n, d)-symmetric hypermatrix with J2l=i'^i < r — 1. Then, by 
Proposition 13 . lOl the ideal generated by the 2-minors of such an (n, d)-symmetric hypermatrix is a prime ideal. 

Now, let A be an {n, d)-symmetric hypermatrix with X]i=i '^i ^ ^- The first two properties that characterize 
a weak generic hypermatrix (see Definition 13. 8[) are immediately verified for A. For the third one we have to 
check that the ideals of the 2-minors of all sections A'"/^ of A are prime ideals. 

If we prove that A[''^ ^ represents an (n, c?')-symmetric hypermatrix (with d' = (di, . . . , dp — 1, . . . , dt))) we will 

have, by induction hypothesis, that A^^ is a weak generic hypermatrix and hence its 2-minors generate a prime 
ideal. 

The hypermatrix^ = (oi^ ^Ji<ij j^<„^,fe=i,...,dj,j=i,...,t is (n, d)-symmetric, hence, by definition, 

aii.i,...,ii_^^;...;i,.i,...,j, = ai„i(i,i),-.».i(i,di);. ^^"^ aU permutations a-j G 6{j,dj) where &{j,dj) is 
the permutation group on {(j, 1), . . . , (j, dj)} for all j = 1, . . . , t. 

The hypermatrix A^^^ = (0*1. i,- ->ii,di; --,ip, ,=',■■■;»*, i,- -,it,dj7 obtained from A by imposing ip^q = I, is {n,df)- 
symmetric because 

^ii,if-i^i,di;---,ip,q=i,---;it,i,---,it,dt ~ ^Vi(i,i),--->i<Ti(i,<ii);---.iCTp(p,i).---'*p,5=''---*<Tp(p,dp);---;i<Tt(t,i),--->Vt(t,dt) 

for all (Tj G &{j,dj), j = 1, . . . ,p, . . . ,t, and for dp G &{p,dp — l), where S(p, dp — 1) is the permutation group on 
the set of indices {{p, 1) , . . . , {p, q) , . . . , {p, dp)} (this is a consequence of the first Remark of this section). Hence 
hiA^''^ ) is prime by induction, and A is weak generic, so also hiA) is prime. 

Since by definition Sd^,. ..MtiVi ig) ■ • ■ 14) = P(i?i ■ • ■ (g) i?t) n Seg{Vi g) • ■ • g) Vt), we have that l2{A) is a 
set of equations for Sdi,....dt{Vi g) ■ ■ ■ g) Vt) (see (|H)), hence, because of the primeness of l2{A) that we have just 
proved, l2{A) C R[n.d] is the ideal of Sdi,...Mt{^i g* ■ ■ ■ g" Vt). □ 

4 Projections of Veronese surfaces 

In this section we want to use the tool of weak generic hypermatrices in order to prove that the ideal of a 
projection of a Veronese surface Y2.d C from a finite number s < (2) of general points on it is the prime 

ideal defined by the order 2-minors of some particular tensor. 

In [Halj the case in which s is a binomial number (i.e. s = (*^^) for some positive integer t < d — 1) is done. 

In this section we try to extend that result to a projection of a Veronese surface from any number s < (2) of 
general points. 



8 



Notice that in [Gij and in [GL| the authors study the projection of Veronese surfaces Y2^d from s = (^) + k 
general points, < k < d, for some non negative integer k, (this corresponds to the case of a number of points 
between the two consecutive binomial numbers (2) and ('^^^))- 

Let Z = {Pi, . . . , PJ C P2 be a set of general points in P^, where s = (*+^) + k < Q with < t < d - 1 and 
< k < t (actually we may assume t < d — 2 because the case t = d—1 and k = corresponds to the known case 
of the "Room Surfaces" - see |GG) ). Let J c S — K[wi,W2,W3] be the ideal J = I{Z), i.e. J — pi Ci ■ ■ ■ H ps 
with pi = I{Pi) C S prime ideals for ? = 1, . . . , s. 

Let Jd be the degree d part of the ideal J and let Blz{^'^) be the blow up of at Z. Since d > t + 1, the 
linear system of the strict transforms of the curves defined by Jd, that we indicate with Jd, is very ample. If 
ifij^ : p2 p( is the rational morphism associated to Jd and if cp : Blz{P'^) p(''t^)"'*~^ is the 

morphism associated to Jd, the variety Xz,d we want to study is Im((pj^) = Im{ipj^). This variety can also be 

{d + 2\_, 

viewed as the projection of the Veronese surface 1^2, d C P^ ^ ^ from s general points on it. 
The first thing to do is to describe Jd as vector space. 



4.1 The ideal of general points in the projective plane 



There is a classical result, Hilbert-Burch Theorem (see, for instance, [CGO| ). that gives a description of the 
generators of J. I.e. the ideal J c S = K[wi,W2,W3] is generated by t — fc + 1 forms Pi, ... , Ft-k+i £ St and by 
h forms Gi, . . . , Gh G 5*4+1 where ft, = OifO<fc< t/2 and h — 2k — d ii t/2 < k < t. What follows now is the 
constructions of the P^'s and the G^'s (the same description is presented in [GLp . 

If t/2 < k < t, for a general choice of points Pi, . . . , Pg, the generators of J can be chosen to be the maximal 
minors of: 

LlA ■ ■ ■ Li^2k-t Qll ■ ■ ■ Ql,t-k+l \ 

: : : £ Mk^k+i{S) (7) 

LkA ■ • ■ ife,2fc-i Qk,l ■ ■ ■ Qk,t-k+l / 



where L^j S Si and Qh,i G S2 for all z, /i = 1, . . . , fc, j = 1, . . . , 2fc — t and / = 1, — fc + 1. 
The forms P,- € St are the minors of £ obtained by deleting the 2A: — i + j-th column, for j = 1, , 
the forms G; G St+i are the minors of C obtained by deleting the z-th column, for i = 1, . 



The degree [t + 1) part of the ideal J is clearly Jt+i =< wiPi, . 
Gij = WiFj for i = l,2, 3, j = 1, . 



, wzFt-k+i,Gi, 



,G 



2k~t 



, . . .,t-k+l; 
2k - t. 
>. If we set 



, t — fc + 1 we can write: 
Jt+i —< Gi,i, . . . , G3,f_fe+i, Gi, . . . , G2fc-t > . 
Notice that wiPi = Gi.i, . . . , waPt-fe+i — G^^t-k+i are linearly independent (sec, for example, [CGOp . 
If < k < t/2, then J is generated by maximal minors of: 

/ Qi,i Qi,t-fc+i \ 



C := 



Qk.l 

ill 



V Lt-2k,l 



Qk,t-k+l 
Ll,t-k+l 



Lt- 



e Mt- 



k,t-k+l 



iS) 



(8) 



2k,t~k+l 



J 



where Li_j e and Qh.i G 5*2 for all i = 1, . . . , < — 2k, j,l — 1, . . . , < — fc + 1 and h = I, . . . , k. 
The forms Fj G St are the minors of £ obtained by deleting the j-th column for j = 1, . . . , t — fc + 1. 
Again Jt+i =< wiFi, . . . ,W3Ft-k+i > but now those generators are not necessarily linearly independent. 
Using the same notation of the previous case one can write: 



Jt+i —< Gi_i, . . . , G^^t-k+i > 
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Clearly iit/2<k<t then: 

Jd =< n/-'-'G,,,,w''-'-^Gi > (9) 

for i = 1, 2, 3, j = 1, . . . t - fc + 1, ; = 1, . . . , 2fc - i and w'^-^-^G = {wf~'-^G, w[~'^~^W2G, w'^'*-^G}. 
If < fc < t/2 then: 

Jd w''-*-^G^,J > (10) 

for i = 1, 2, 3 and j = 1, . . . , t — fc + 1. 
Denote 

t~d-2 
Z2 := Wi W2, 

where u — (''2^^) ; or Za for w— — Wi^w'^'^'w'^^ , if a = (^i, a2, 03) G N"^, |a| — d — t ~ 1 and we assume that the 
a's are ordered by the lexicographic order. 

Let N be the number of generators of Jd, and let K[xh;i,j ,Xh^i\ be a ring of coordinates on P^~i with 
Z = 1, ... ,2k — t only if t/2 < fc < t (in the other case the variables Xh,i do not exist at all) and h — 1, . . . , u; 
« = 1, 2, 3; = 1, . . . , < — fc + 1 in any case. The morphism 1^ : \ Z ^ pA^-i g^c]^ that 

ip{[wi,W2,wz]) = [ziGi,i,...,z„G3^t-fe+i,2iG'i,...,z„G2A;-t], if t/2 < fc < t, 

or 

V9([u;i, W2,W3]) = [ziGi,!, . . . , 2;„G3^t-fe+i], if < fc < t/2, 
gives a parameterization of Xz,d into P^^^. Observe that Xz.d — VJd(^'^ \^) is naturally embedded into 
p( 2 )-s-i^ because dim^^ (J^;) = (''^^) — s. In terms of the Xh-Aj^s and the Xh^s, since the parameterization of 
Xz,d is: 

Xh-iJ — ZjiGi^j, (11) 
Xh,l = ZfiGl, 

the independent linear relations between the generators of Jd will give the subspace P(< Im{ipj^) >) = 
pCt")-"-! of P^-i. The number of such relations has to be iV - C^^'^) + s. 

If t/2 < fc < t, the number of generators of Jd given by ^ is (''~2^^)(t - fc + 1) + 2^+^) (2fc - t); hence 
there must be {^2*)^ independent relations between those generators of Jd. 

If < fc < t/2, the number of generators of Jd in HO]) is C'~2'^^)(t - fc + 1), hence there must be (''"2^^)(t - 
fc) — fc'(d — t) independent relations between those generators of Jd. 

There is a very intuitive way of finding exactly those numbers of relations between the generators of Jd and 
this is what we are going to describe (then we will prove that such relations are also independent). 

If t/2 < k < t, assume that (3 — {Pi, P2, Ps) with |/3| = d — t — 2. The determinant obtained by adding to the 
matrix C defined in ([7]) a row ( w—Li^i ■ ■ ■ w—Li^2k-t w—Qi,i • • ■ w^Qi^t-k+i ) clearly vanish for 
all i = 1, . . . , fc: 

(jg^ [ w^Li^i ■ ■ ■ w^Li^2k-t nAQis ■ ■ ■ w-Qi.t~k+i j ^ Q 
Computing those determinants, for i = 1, . . . , fc, one gets: 

2k~t t-fe+1 

J2lil-HrGr+ ^-Q^,pPp = ^ (12) 

r— 1 p—1 

where the G^-'s and the FpS are defined as minors of ([7]). 

Since Li^r € Si, there exist some A^^^,; S K , for i = 1, . . . , fc, r = 1, . . . , 2fc — t and I — \,2, 3, such that 

3 

Li,r = ^ K,r,lWi; 
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analogously, since Qi^p € S2, there exist some ji^pj,h 6 K, for i = 1, . . . , fc, p = 1, . . . ,t — fc + 1 and 
l,h= 1, 2, 3, such that 

3 

Qi'P = li,p,l,hWlWh- 
Lh=l 

Before rewriting the equations p2p . observe that 

( ' \ ' 

Q%,pFp = ^ li,p,l,hWlWh Mp = X! ^hP,l,h'^l^h,p, 

and set: 

_ J Ai,r,i, if a = ^ + e,, 

• - I Q otherwise, 

for i = 1, . . . , fc; |a| = t — d ~ 1 and Z = 1, 2, 3 and where — (1, 0, 0), — (0, 1, 0) and Cg = (0, 0, 1); 

_ / li.pA,h, if a =^ + e,, 

• - I Q otherwise, 

for i = 1, . . . , fc; p = 1, . . . , i — fc + 1; /, /i = 1, 2, 3 and \a\ — d ^ t ~ 2. 

Therefore the equations p2|l . for j = 1, . . . , fc, can be rewritten as follows: 



^ fJ-i,a,rW-Gr + ^ ft'i,a,p,hHf<^h,p = 0, (13) 



\a\ = d-t-1 \a\ = d-t-1 

l<r <2k-t l<p<t-k + l 

h = 1,2,3 



which, for i = 1, . . . , fc, in terms of Xa.r and Xa,h,p defined in pT|) becomes: 

^ ^ f^i,a,r'^a,r ~t~ ^ ^ l^i^a^p^h^a^h^p 0- (^l) 

|a| = d _ t _ 1 |q.| = c( _ t „ 1 

l<r<2fc-t l<p<t-A: + l 

/i = 1,2,3 

There are exactly fc of such relations for each /3 and the number of /3's is (''2*)- Hence in (IT3|) we have 
found precisely the number of relations between the generators of Jd that we were looking for; we need to 
prove that they are independent. 

If0<k<t/2, the way of finding the relations between the generators of Jd is completely analogous to the 
previous one. The only difference is that in this case they come from the vanishing of two different kinds 
of determinants: 

for i = 1, . . . , f — 2fc, \P\ — d — t — 1 and C defined as in and 

det ^^"^1 w^Qj4-k+i ^ ^ Q (15) 

for j = 1, . . . , fc, l^'l = d - i - 2 and £ defined as in ©. 

Proceeding as in the previous case one finds that the relations coming from (jl4p are of the form 

\,a,r,lZgGh,r = {E) 

\a\=d-t-l 
l<r<t-k-l 
l,h = l,2,3 
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for some Xi.a.r,i G K and the number of them is 2^^){t ~ 2fc). 
The relations coming from (jlSp are of the form 



E 



i^i,a,r,l^aGh,r 



(EE) 



\a\ = d-t-l 
1 <r <t - k + 1 
l,h = 1,2,3 



for some iii_a,r.i G K and the number of them is 

The equations ^E\ and ^EE\i aUow to observe that Xz.d is contained in the projective subspace of P^^i 
defined by the following linear equations in the variables x^^hy- 



|q| = (I t 1 ,a,r ,lX a;h ,r — 

l<r<t-fe-l 
l,h = 1,2,3 

|q| = d ^ I ^ \ f^i,a,r,l^a;h,r — 
l<r <t-k + l 
l,h = 1,2,3 



{E2) 



The number of relations \E^ is ("^ 2^^) (i — 2fc) + (''2 *)^' ^^^^ exactly the number of independent relations 
we expect in the case < k < t/2. 

Now we have to prove that the relations l\Eil , respectively ^E^, are independent. 

Notation: Let M be the matrix of order (^(''2*)^) ^ (C* 2^^)(2^ ~ k + 3)j given by the /ii,Q,r and the fli,a,p,h 
appearing in all the equations ^Eil. We have already observed that there exists an equation of type (\Eil for 



each multi-index over three variables P of weight |/3| = d — t — 2, and for each i = I, . . . ,k. We construct the 
matrix M by blocks Mp^a (the triple multi-index a is such that |a| = d — t — 1): 



M = {Mi3,a)\f3\=d-t-2,\a\=d-t- 



(16) 



and the orders on the /3's and the a's are the respective decreasing lexicographic orders. For each fixed (3 and 
a, the block Mp^a is the following matrix: 



fJ'l,a,l 



^J'k,a,l 



fJ'l,a,2k~t 



l^k,a,2k-t l^k,a,l,l 



fJ'l,a,t-~k+l,3 



fJ'k,a,t-k+l,3 



Analogously we construct the matrix N of order (^{"^ l'^^){t - 2fc) + (''2*)^) ^ (^l* 2^^)(* - ^' + 1)): 



where 



\ ^t-2k,a,l,l 




Xl,a,t-k-l,3 



Ml,at-fc+l,3 



tJ'k,at-k+l,3 



Xt-2k,a,t-k-l,3 

where the Xi.a,r,i's and the iii^a,r,is, are those appearing in ((^ and in respectively. 
Proposition 4.1. T/ie matrices M and N defined in U6]) and (T^, respectively, are of maximal rank. 



(17) 
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Proof. Without loss of generality we may assume that P = [0, 0,1] ^ Z and that Fi (i.e. the first minor of the 
matrix £ defined either in ([7]) or in ([8])) does not vanish at P. 

For the M case, one can observe that every time a ^ P + Ci, I — 1,2,3, the block Mp^a is identically zero, 
and we denote M^_^+e^ with Ai for ^ = 1, 2, 3. 

Consider M the maximal square submatrix of M obtained by deleting the last columns of M (recall that we 
have ordered both the columns and the rows of AI with the respective decreasing lexicographic orders). 

All the blocks Mp^a on the diagonal of M are such that the position of /? is the same position of a in their 

respective decreasing lexicographic orders. Since |/3| = |a| — 1, then the blocks appearing on the diagonal of M 
are Mp^/^^e^ — A\ for all /3's. 

li — (/3i, /?2, /Sa) and a — (ai, a2, as), the blocks Mji,a under the diagonal are all such that /3i < ai — 2, hence 
they are all equal to zero. 

This is clearly sufficient to prove that M has maximal rank; then M has maximal rank too. 

The N case is completely analogous. □ 

With this discussion wc have proved the following: 

Proposition 4.2. The coordinates of the points in Xz,d C P^^^ = ¥[[K[xh:ij,Xh,i]i)*) satisfy either the 
equations jEiD ift/2<k<t, or if0<k<t/2. Moreover the relations jEiD , respectively )fi?2D , are linearly 
independent. 

Remark: There exist other linear relations between the Xa-ij^s and the Xa.i coming from the fact that WiGhj = 
WhGij for i,h = 1,2,3 and all j's. If we denote zp^e. — w—Wi (with |/3| — d — t — 2), we have that zp-^.e.Gh,j = 
zp^e^Gij, that is equivalent to: 



The proposition just proved and the fact that the span < Im{ipj^) > has the same dimension of the subspaces 
of defined by either ^Eil or by IIE2I , imply that those relations are linear combinations of either the jEil , 
or the (E^ . 

Now the study moves from the linear dependence among generators of Jd to the dependence in higher degrees. 

4.2 Quadratic relations 
Remark: 

1. Let X :— {xh-i,j,Xh,i)h;i,j,i be the matrix whose entries are the variables of the coordinate ring 

where the index h — 1, . . . , (^^"2^^) indicates the rows of X, and the indicies {i,j, I) indicate the columns 
and are ordered via the lexicographic order, i = 1,2,3, j = 1 . . . , t — fc + 1, I = 1, ... ,2k — t (when it 
occurs). 

The 2-minors of X are annihilated by points of Xz,d- Denote this set of equations with (XM). 

2. The Zi^s satisfy the equations of the Veronese surface F2,d-t-i, i-e. the 2-minors of the following catalecti- 



Multiplying G either by Gij, or by Gi, for each i — 1, 2, 3; j = 1, . . . ,t — k + 1 and I = 1, ... ,2k — t, one 
obtains either 



Therefore on Xz,d C P^^^, the coordinates xi-ij, . . . , Xu;i,j, for all i = 1, 2, 3 and j = 1, . . . , t — fc + 1, or 
xi^i, . . . , Xu,i, for alH = 1, . . . , 2fc — i, annihilate the 2-minors of those catalecticant matrices, respectively. 
Denote the set of all these equations with (Cat). 



XjS-^-e^ih.j — Xp-^^^^.^j. 



cant matrix: 




(18) 



with u = {"-1+^) 
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3. For all h = 1, 



fd~t+l\ 



on Xz,d we have that Gtj = Xh,ij/zh and G; = Xh,i/zh therefore on Xz,d x 



^2,^-4-1 the following system of equations is satisfied for all Ks: 

Xh\i^jZ\ — 



Xh;i,j Zu — Xu^i^j Zh 
XhlZl = XilZh 



(Sh) 



^ Xh^lZu — X^iZfi 



Proposition 4.3. Let Q : [xh^i.j, Xh.i], h — 1, . . . , ('^ 2^^); i — 1,2,3, j — 1 . . . ,t — k + 1 and I — 1, . . . ,2k ~ t, 

such that the equations (XM) Qve zero if evaludted in Q. Then there exists a point P '. [2^1, ■ ■ ■ , 1 £ P" such 
that P and Q satisfy the equations jSh^ for all h 's. 

Proof. Since Q : [a;i:i,ii • • ■ ■ x^d-t+i-^ 2k~t\ annihilates all the equations (XM), the rank of X at Q is 1, i-e., if we 
assume that the first row of X is not zero, there exist G K , h ^ I, . . . ,u, such that the coordinates of Q verify 
the following conditions: 

= a-hXi-i^j and Xh.i = ahXij 
for h = l,...,^-*^^), i = 1,2,3, J = 1.. - fc + 1 and / = 1,. ..,2fc-t. 

We are looking for a point P : [zi, . . . , Zu] such that if the coordinates of Q are as above, then P and Q verify 
the systems jShj . If Q verifies jSkj , then the coordinates of P are such that: 

/ ... 

\ -a« 

that is to say a/iZi — Zh for h — 2, . . . ,u. 
The solution of such a system is the point P we are looking for, i.e. P : [ai, . . . , a„]. □ 




= 0, 



4.3 The ideal of projections of Veronese surfaces from points 

Theorem 4.4. Let Xz.d be the projection of the Veronese d-uple embedding of V'^ from Z = {Pi,..., P.;} 
general points, s < (2). Then the equations (XM) and (Cat) together with either ift/2 <k <t, or ^2p */ 

< A: < t/2, describe set theoretically Xz,d- 

Proof. Obviously Xz,d is contained in the support of the variety defined by the equations in statement of the 
theorem. 

In order to prove the other inclusion we need to prove that if a point Q verifies all the equations required in 
the statement, then Q g Xz.d- 

If Q ■ \xh\i,j, •^h,i\ annihilates the equations (XM), then, by Proposition[4]3l there exists a point P : \zi, • . . , 2^] 
such that P and Q verify the systems ^Sh\ . Solving those systems in the variables Xh;i,j,Xh,i allows to write the 
point Q depending on the zi, . . . , z^. We do not write the computations for sake of simplicity, but what it turns 
out is that there exist Cij,ci G K, with i = 1, 2, 3, j = 1, . . . ,t — k + 1 and / = 1, ... ,2k — t (only if t/2 < k < t) 
such that the coordinates Xh;i,j,Xh,i of Q are Xh;i,j — Ci,jZh and Xhj = ciZh'. 

Q ■ [Xh;l,j,Xh,l] = [Ci^jZh,ClZh]. 

Since such a Q, by hypothesis, verifies the equations (Cat), then there exists an unique point R : [wi, W2, w^] € 
P2 such that zi = w^^^~'^,Z2 = wf~*~'^W2, w^~*~^, therefore 

Q '■ [ci,jW-, ciw-] 
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with |a| = — t — 1. 

Assume that R ^ Z, that corresponds to assuming that Q lies in the open set given by the image of ipj^ 
minus the exceptional divisors of Blz{P'^)- 

Now, if t/2 < k < t, the point Q verifies also the equations ( |£'iD , while if < fc < t/2 the point Q verifies 
the equations ^E2^. Therefore if t/2 < k < t, then Cij = bGij and c; = bGi for i ~ 1, 2, 3, j = 1, . . . , t — fc + 1 
and I = 1, . . . ,2k — t; ii < k < t/2, then Cij = bGij for i = 1, 2, 3 and j = I, . . . ,t — k + I, ioi some b £ K. 
This proves that Q G Xz,d- □ 

Now we want to construct a weak generic hypermatrix of indeterminates A in the variables Xh-ij, x^j in such 
a way that the vanishing of its 2-minors coincide with the equations (XM) and (Cat). Then l2{A) will be a 
prime ideal because of Proposition 13.101 so it will only remain to show that the generators of I2 (A) , together 
with the equations either ( |£'i[ ) or ( |_E2[ ), are generators for the defining ideal of Xz,d- 

Let C — (cij.ij) G M3,d-t-3{K) be the Catalecticant matrix defined in (|18p . Let the Xh-Aj and the Xh.i be 
defined as in (fTTjl . For alHi = 1, 2, 3, 12 = 1, . . . , d — i — 3 and 13 = 1, . . . , r where r = 2i — fc + 3 if t/2 < k < t 
and r = 3{t — fc + 1) if < fc < i, construct the hypermatrix 

-4=K,»..»3) (19) 

in the following way: 

Oil, 12, is — ^h,i,j if Cii.i2 — Zfi ioT h ~ I, . . . , (''"2^^), and 13 = 1, ... , 3{t — fc + 1) is the position of the index 
after having ordered the Gij with the lexicographic order, 

aii,i2,i3 = Xh,i3-3{t-k+i) if Cii,i2 = for /i = 1, . . . , ^^2^^) and 13 - 3(t - fc + 1) = 1, . . . , 2fc - t if t/2 < fc < t. 
Proposition 4.5. The hypermatrix A defined in il9\) is a weak generic hypermatrix of indeterminates. 
Proof. We need to verify that all the properties of weak generic hypermatrices hold for such an A. 

1. The fact that A = {xh;i,jT^h,i) is a hypermatrix of indeterminates is obvious. 

2. The variable appears only in position Oi^i^i. 

3. The ideals of 2-minors of the sections obtained fixing the third index of A are prime ideals because those 
sections are Catalecticant matrices and their 2-minors are the equations of a Veronese embedding of P^. 
The sections obtained fixing either the index ii or the index 12 are generic matrices of indeterminates, 
hence their 2-minors generate prime ideals. 

□ 

Corollary 4.6. Let A be defined as in \19j) . The ideal l2{A) is a prime ideal. 

Proof. This corollary is a consequence of Proposition [13] and of Proposition 13. 101 . □ 

Now, we need to prove that the vanishing of the 2-minors of the hypermatrix A defined in p9p coincide with 
the equations (XM) and (Cat). 

Theorem 4.7. Let Xz,d be as in Theorem \4.4\ then the ideal L(Xz.d) C K[xh-i,jTXh.i], with h = 1, . . . , (''~*~''^), 
i = 1,2,3, j = 1 . . . ,t ~ k + I and I — 1, ... ,2k — t is generated by all the 2-minors of the hypermatrix A defined 
in U9\) and the linear formss appearing either in jEi^ if t/2 <k<t or in ^2p if < k < t/2. 

Proof. In Corollary 14.61 we have shown that L2 (A) is a prime ideal; in Theorem 14.41 we have proved that the 
equations (XM), (Cat) and either the equations l\Eil if t/2 < fc < t or the equations if < fc < t/2 define 
Xz,d set-theoretically. Then we need to prove that the vanishing of the 2-minors of A coincide with the equations 
(XM) and (Cat) and that either (/2(^), (Ei)) for t/2 < k < t, or (/2(^), {E2)) is actually equal to L{Xz,d) for 
< fc < t/2. 
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Denote with / the ideal defined by I2 {A) and the polynomials appearing either in \Ei\ in one case or in \E2\ 
in the other case. Denote also V the variety defined by /. 

The inclusion V C Xz,d is obvious because, by construction of A, the ideal I2{A) contains the equations 
(XM) and (Cat), therefore / contains the ideal defined by (XM), (Cat) and either or 

For the other inclusion it is sufficient to verify that each 2-minor of A appears either in (XM) or in (Cat). 
This is equivalent to prove that if Q S Xz,d then Q £ V, i.e. if Q G Xz.d then Q annihilates all the polynomials 
appearing in /. 

An element of l2{A) with A = {aii.i2,iz) tiy definition of a 2-minor of a hypermatrix, one of the following: 

1- ^il ,^2 ,23 '^il ,i2,j3 '^il ,22,23 ^il J2 J3 1 

2. flil,i2,23'^il,i2 J3 ~ '^21,^2, 23*^^1 ,22,^3 I 

3. Oil ,42, 23*^^1,^2,53 ~ '^21,22 ,i3'^il,j2 ,23- 

We write for brevity z^^^ij instead of Zh if [11,12) is the position occupied by Zh in the catalecticant matrix C 
defined in We also rename the G^.^'s and the Gis with G; :— Gij if / = 1, . . . , 3(t — fc + 1) is the position 

of (z, j) ordered with the lexicographic order, and G/ :— Gi^^t-k+i) if I — 3(i — fc + 1) — 1, ... ,2k — t. 
With this notation we evaluate those polynomials on Q G Xz,d- 

1. aii,i2,i3aji - aji,22,i3aii,j2,j3 = Gi.^Gj.^{zi^^i2Zj^^j.^ - z-j^,i^Zi^,j^) that vanishes on Xz,d because, by def- 
inition, zi = wf^*^^ , Z2 = wf~'^~'^W2, . . ., z„ = Wg"*"^, hence the Zjj's vanish on the equations of the 
Veronese surface Y2A-t-i- The polynomial inside the parenthesis above is a minor of the catalecticant 
matrix defining such a surface, so the minor of A that we are studying vanishes on Xz,d- 

2. The above holds also for the case 0'ii,i2,i3'^ji,h,h ~ ^ii,j2,i3'^jiM,j3- 

3. ^2l,i2,23%l,i2,j3 ~ '^21, 22 , is 52,43 ~ ^il -il^ h ^jl .32^ 33 ~ ^il 33^ jl -32^ h ~ ^^ CvidCntly. 

This proves that the vanishing of the 2-minors of A coincides with the equations (XM) and (Cat). 
For the remaining part of the proof, we work as in ([Hal]), proof of Theorem 2.6. 
Consider, with the previous notation, the sequence of surjective ring homomorphisms: 

where the exponent a appearing in (f){xij) is the triple-index that is in position i after having ordered the w's 
with the lexicographic order. 

The ideal hiA) is prime, so l2{A) C ker((/)). 

Let J C K[w—tj] be the ideal generated by the images via (p of the equations appearing either in ( |£^i[ ) or in 
( |i?2[ ). The generators of J are zero when tj = Gj, then K[w—tj]/J ~ K[w—Gj]. Hence J = ker(-(/'). 
Since it is almost obvious that a set of generators for ker{ipoip) can be chosen as the generators of ker(0) together 
with the preimages via (p of the generators of ker(-(/'), then / = kei{ip o 0). This is equivalent to the fact that 
IiXz,d) = /. □ 



5 Projection of Veronese varieties 

Here we want to generalize the results of the previous section to projections of Veronese varieties from a particular 
kind of irreducible and smooth varieties V C P" of codimension 2. 

Since we want to generalize the case of s general points in P^, we choose V of degree s = (*^^) -I- fc < (2) for 
some non negative integers t, k, d such that < t < c? — 1 and < fc < t. 

Moreover we want to define the ideal I{V) C K[xo, . . . , Xn] of V as we defined J C K[xo, xi,X2] in Section 
14.11 (with the obvious difference that the elements of I{V) belong to K[xo, . . . , Xn] instead to K[xq, xi, X2]). To 
be precise: let Lij G K[xo, . . . , x„]i be generic linear forms, and let Qh,i G K[xo, . . . , Xn]2 be generic quadratic 
forms foi i,h = 1, . . . , fc, j = 1, . . . , 2fc — i and / = 1, . . . , t — fc -|- 1 if t/2 < k < t; and for i = 1, . . . , f — 2fc, 
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j,l — 1, . . . , i — fc + 1 and h^l,...,kiiQ<k< t/2. Define the matrix C either as in ([7]) or as in ([5]). The forms 
Fj and Gi are the maximal minors of C as previously. For each index j there exist n + 1 forms Gij = WiFj with 
i = 0, . . . , n, because now w = {wq, • ■ • , Wn)- Then the degree d part of I{V) is defined as Jd in ([9]) if t/2 < k <t 
and as Jd in (dni) if < A: < t/2. 
This will be the scheme: 

(VJiV)) C ir\K[xo,...,Xn]). (20) 



Remark: Let C P" be a variety of codimension 2 in P". Let Yw be the blow up of P" along W. Let 
E be the exceptional divisor of the blow up and H the strict transform of a generic hyperplane. In |Cop| 
(Theorem 1) it is proved that if W is smooth, irreducible and scheme-theoretically generated in degree at most 
A G Z+, then \dH ~ E\ is very ample on the blow up Yw for all d > A + 1. 

Remark: If deg{V) = s = (*+^) + fc < (3) , < i < d - 1 and < fc < i, then I{V) is generated in de- 
grees t and t + 1. 

A consequence of those remarks is the following: 

Proposition 5.1. Let V d be defined as in i20\) . and let d > t+l. If E is the exceptional divisor of the blow 
up Yy o/P" along V and H is the strict transform of a generic hyperplane o/P", then \dH — E\ is very ample. 

Let Xv,d C F{H°{Oyv {'^H — E))) be the image of the morphism associated to \dH — E\. 
The arguments and the proofs used to study the ideal I{Xz,d) in the previous section can all be generalized 
to I{Xv,d) iid>t+l, deg(F) = + fc < (2)- 

Now let S" be the coordinate ring on ¥'{H^{OYv{dH — E))), constructed as K[xij,Xh,i] in the previous section: 
S' = K[x^^j,Xh,i] with i = 0, . . . , n; j = 1, . . . , t - fc + 1; h = 1, . . . , (""^''^*"^) and Z = 1, . . . , 2fc - t only if 
t/2 < fc < t (in the other case the variables x^j do not exist). 

Let {E') and {E") be the equations in S' corresponding to jEil and iE2l , respectively. 

Let C" be the catalecticant matrix used to define the Veronese variety Yn^d-t-i- 

The hypermatrix A' that we are going to use in this case is the obvious generalization of the hypermatrix A 
defined in (fT9|) : clearly one has to substitute C with C". 

Now the proof of the fact that l2{A') C S" is a prime ideal is analogous to that one of CoroUarv 14.61 and 
pass through the fact that A' is a weak generic hypermatrix, hence we get the following: 

Theorem 5.2. Let {V,I{V)) C {F",K[xq, . . . ,x„]) be defined as m let Yy be the blow up ofP' along V 

and let Xv,d be the image of Yy via \dH — E\, where d > t + I, deg{V) — (*^^) + fc < (f!^ , H is a generic 
hyperplane section ofV^ and E is the exceptional divisor of the blow up. The ideal I{Xv,d) C S' is generated by 
all the 2-minors of the hypermatrix A' and the polynomials appearing either in (E' ) if t/2 < k <t or in (E" ) if 
< fc < t/2, where S' , A! , (E' ) and {E") are defined as above. 
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